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Abstract. We study parabolically induced representations for GSpinm(F) with F a p-adic field 
of characteristic zero. The Knapp-Stein ij-groups are described and shown to be elementary two 
groups. We show the associated cocycle is trivial proving multiplicity one for induced represen- 
tations. We classify the elliptic tempered spectrum. For GSpin2n+l{F), we describe the Arthur 
(Endoscopic) ij-group attached to Langlands parameters, and show these are isomorphic to the 
corresponding Knapp-Stein i?-groups. 

Introduction 

We continue our study of parabolically induced representations for p-adic groups of classical type. 
Here we turn our attention to the group GSpinm{F), as defined by Asgari 4 . These are groups 
of type -B[m/2] if is odd and type -Dm/2 if is even. A long term goal is to study the group 
Spinm{F), which is the simply connected split group of type B or D, depending on whether m 
is odd or even, respectively. The advantage of studying GSpin groups is their Levi subgroups are 
nicer, making the problem more tractable. We hope to apply the information derived here to Spin 
groups, and we leave this to further study. 

Let _F be a nonarchimedean field of characteristic zero, and suppose G is a connected reductive 
quasi-split group defined over F. We denote the F-points, G(F), by G and use this notational 
convention throughout this manuscript. The admissible dual of G can be be studied through the 
theory of parabolically induced representations, as described in Harish-Chandra's philosophy of cusp 
forms |16j . Moreover, the discrete, tempered, and admissible spectra are classified through para- 
bolic induction from supercuspidal, discrete series, and tempered representations (via the Langlands 
Classification) One also wishes to divide the tempered spectrum into the elliptic classes, [2], 

which are those which contribute to the Placherel Formula, and the non-elliptic classes. For this 
purpose, we let £c{G),£t{G),£2{G), and °£{G) be the classes of irreducible admissible, tempered, 
discrete series, and unitary supercuspidal representations, respectively, of G. We make no distinction 
between a representation tt and its class [tt] e £c{G). 
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Let P = MN be a parabolic subgroup of G, and suppose a G £2{M). We let Indp(cr) or iG.M{cr) 
denote the representation of G obtained through normalized induction from P, with a extended 
trivially from M to P. In the case of archimedean groups, Knapp and Stein developed the theory of 
standard and normalized intertwining operators (see [21] j for example). Through a combinatorial 
study of the inductive properties of these normalized intertwining operators they were able to de- 
scribe a finite group, R{a), whose representation theory classifies the components of icui'^)^ ™^ that 
there is a bijection p t-^ TTp from the irreducible representations R{cr) to the inequivalent components 
of icAiic^)- More precisely, the intertwining algebra C{(7) of iG.Mi'^) is isomorphic to the twisted 
group algebra C[i?(cr)],,, with rj a particular 2-cocylce of R{<y) arising from composition of inter- 
twining operators [21 [50]. In the archimedean case, R{(t) is always abelian (in fact an elementary 
2-group), so each p is a character and TTp appears in icui'^) with multiplicity one. Silberger [28[|29| 
extended the theory of i?-groups to p-adic fields. Knapp and Zuckerman |22j showed there are cases 
when i?(cr) would be non-abelian, and hence the multiplicity of TTp could be greater than one. 

If G = G„ = GSpin2n, or GSpin2n+i, then any Levi subgroup is of the form 

M ~ GLn, X • • ■ X GLn^ X Gm, 
with ni + ■ ■ ■ -\- Ur + m = n. So, for any a S £2{M) we have 

CT ~ (Ti ig) • • • (g) CTr ® T, 

with CTi G £2{GLn-{F)), and r G £2{Gm)- The similarity between this situation and that of the 
classical groups Sp2n{F) and SOn{F), makes it amenable to the techniques of [12]. In fact we prove 
the i?-groups have the same structure as these classical groups. Thus, our first main results can be 
phrased as i?-groups for GSpin groups mirror those for split classical groups (cf . Theorems 12.51 and 
[2J]) . In particular, R{a) ~ , for some < d < r. 

Arthur 2, undertook the study of the elliptic spectrum, and was able to use the extension of i?(cr) 
defined by 77 to characterize when components of icui'^) have elliptic components. Herb |18] used 
this characterization, along with the description of the i?-groups in [12], to determine the elliptic 
tempered spectrum of Sp2n{F) and SOn{F). Because the description of i?-groups in our case is 
similar to that of [12 , the techniques of !T8^ can be applied, and again the results are similar. To 
be more precise, the cocycle rj always splits and ic.Mi'^) has elliptic components if and only if d is 
as large as possible (this turns out to be d = r or r — 1 cf. Lemma 13.11 and Theorems 13.31 and 13. 4|) . 

On the other hand, the local Langlands conjecture predicts a canonical bijection Lp — >■ 11(^(6*) 
between admissible homomorphisms : W'p and L-packets Ii^p{G) of G. Here, W'p is the 



i?.-GROUPS, ELLIPTIC REPRESENTATIONS, AND PARAMETERS FOR GSpin GROUPS 3 

Weil-Deligne group, = G x Wp is the Langlands L~group, with G the connected Langlands dual 
group, and Wp is the Weil group. The L-packets n^(G) are finite sets which partition £c{G), and the 
members of n^(G) are to be L-indistinguishable, in the sense that the Langlands L-functions and 
e-factors are to be constant on 11;^ (G). If cr G £2{M, ) and tp : W'p — > is its Langlands parameter 
(i.e., a E Il,^{M)), then composing with the inclusion ^A/ ^ ^G gives an L-packet Ilip{G), and 
the elements of this L-packet should be all components of ic.Mio''), with cr' G Ilip{M). Langlands 
predicted the i?-group, R{<j) should be encoded in this arithmetic information, and Arthur made 
this more precise in p_ . In particular, Arthur defined a finite group Rip^a attached to ip and u, and 
predicts R{a) ~ i?i^,o-. This conjecture has been confirmed in many cases [6j [71 IH [THl [Ml [20l [27]. 

Here we are able to prove R{a) ~ Rtp^a for GSpin2n+i in several steps. The first is to reduce the 
isomorphism to the case where M is maximal, and this we do in the wider context of split groups 
(cf. Lemma [4.1|) . Arthur identifies the stabilizer W{(t) of cr in the Weyl group with a subgroup 
W^^cr of a certain Weyl group in M. R{(t) can be reahzed as a quotient W{a)/W' of W^(cr), with W 
the subgroup of W{ij) generated by root reflections in the zeros of the rank 1 Plancherel measures. 
On the other hand R^^a — W^^a /W° ,y is a quotient of W^^^, where W° ,j is the the intersection 
of W^^a with another, smaller Weyl group. Thus, it is enough to show, under the isomorphism of 
W{a) and W^p^a that W' is identified with W° ^. Hence it is enough to show W° ^ is generated by 
co-root reflections coming from the roots for which the Plancherel measures are zero. Shahidi |26j 
showed, in the generic case, the zeros of the rank 1 Plancherel measures are equivalent to poles of 
Langlands i-functions, L{s,<T,ri), (where i = 1,2 is determined in a particular way j25j and is 
a representation of coming from its adjoint representation). The local Langlands conjecture 
predicts L{s,a,ri) — L{s,ri o 1^9), where the right hand side is the Artin i-function. We separate 
the proof of the isomorphism of Knapp-Stein and Arthur i?-groups into two (maximal) cases, the 
Siegel parabolic subgroup, i.e M ~ GL„ x GLi, and the non-Siegel maximal parabolic subgroups, 
M ~ GLk X G„i, with to > 2. The final results in these two cases can be found in CoroUarv 14.61 
and Theorem 14. 121 For the latter we need conjecture 9.4 of [26] (otherwise known as the Tempered 
L-packet Conjecture). 

The structure and isomorphism of Knapp-Stein and Arthur i?-groups plays a crucial role in the 
transfer of automorphic forms from classical to general linear groups in [3] , and among the important 
results therein is a proof of the Tempered L-packet Conjecture in the case of classical groups. We 
expect if the methods of [3] can be extended to GSpin groups, then the isomorphism of i?(cr) and 
Rip,a would play a similar role. 
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In Section 1 we recall the basic facts about the GSpin groups. In Section 2 we work to determine 
the zeros of the Planchcrcl measures and compute the i?-groups for GSpin groups. In Section 
3 we show the cocycle which, along with the i?-group, determines the structure of ic.Aiio') is a 
coboundary. We then use the results of Section 2 to classify the elliptic tempered spectra of GSpin 
groups. In Section 4 we prove the isomorphism of the Knapp-Stein and Arthur i?-groups for the 
GSpin2n+i groups. 

1. Preliminaries 

Let F be a local nonarchimedean field of characteristic zero. Let G = G„ = GSpin2n, or 
GSpin2n+i- We adopt the convention that Go = GLi.We let H = Spin2n or Spin2n+i- We recall 
the exact sequence 

1 Zz ^ H ^ H' ^ 1, 

where H' = S02n or S02n+i, We have G and H are of type Z?„ in the first case and type i3„ is the 
second case. Let G be the connected component of the Langlands L-group. Then G ~ GS02n{'C) 
if G = GSpin2n and is GSp2n if G = GSpin2n+i- Then since G is split, ^G = G x Wp, with Wp 
the Weil group of F. We fix B to be the Borel subgroup in G lying over the upper triangular Borel 
subgroup in H'. Let B = TU be the Levi decomposition of B. Let $ = *I'(G, T) be the roots of T in 
G, and let A be the simple roots determined by B. Then A = {ai, a2, . . . , an}, where — Ci — e^+i, 
for i = 1, 2, . . . , n — 1, and 

{e„-i + e„ if G = GSpin2n, 
e„ if G = GSpin2n+i- 

RecaU the Weyl group is W ^ W{G, T) = iVG(T)/T. Note, if G = GSpin2n+i, then W c:i Sn x ZJ, 
while if G = GSpin2n, we have ~ S'„ k Zj^^. One can compute this directly from the description 
in [5], or one can note that W{G, T) is of this form, and use duality. Taking this last approach, the 
description of these Weyl groups given in (13) . which we summarize. Note 

f = {diag {fli, a2, ■ ■ • , a„, Aa~\ . . . , Xa^^^Xa^^] |ai, A e } 

in either case. We may denote an element of T by t{ai , 02 , . . . , a„ , A) . If s G S'„ , then we also denote by 
s a representative of the element of W{G, T) such that st{ai, 02, . . . , a„, A)s^^ = t(a3(i-), 03(2) ; ■ ■ • 7 
If G = GSpin2n+i; then denote by q a representative of the element of W{G,T) such that 
Cit{ai, . . . ,ai, . . . , a„, X)c[^ = t{ai, . . . , Xa^^, ■ ■ ■ , an, A). Then T4^(G, T) is generated by {s\s £ Sn} 
and {ci\l < i < n}. If G = GSpin2n, then W{G,T) is generated by {s\s e Sn} and {cjCj|l < i,j < 
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n}. We have the pairing of roots $(G,T) and coroots $(G,T) which we denote by a n- a, and 
denote by w the element of W{G, T) corresponding to w by this pairing. 

Let P = MN D B be a standard parabohc subgroup of G. Then, for some C A we have 
P = Pg = MgNe. Then there is a partition n — tii + n2 + • ■ • + n,. + m, so that 9 = A \ 

{o^ni 1 Q^ni+n2,i ■ • ■ : ^ni+n2-\ h^^T? } i if ^ — Oi and — A \ {tt^^j^ , Oiji-^^-^-ji^ , , ■ • ■ , Q^ni +n2H h^^r } ' 

m > 0. Then 

(1.1) M ~ GL„, X GL„2 X • • • X GL„^ X G™. 

Let A be the spht component of P, and let $(P, A) be the reduced roots of A in P. For « = 1, 2, . . . , r, 

we let fci = ni 4 h n^. Then, for 1 < i < j < r, set a^j = Cfe, - efe^_j+i, and = Cfe, + eA;j._i+i, 

and 

{efci + e„ if G = GSpin2n; 
if G ^ GSpm2n+i- 

We describe the relative Weyl group Wm. = ^g(Am)/^g(Am) = ^g(Am)/M. Suppose M is 

as above. As in the case of other groups of classical type, Wm C S'r x Zj. If G is of type i?„, 

then Wm — S k for some subgroup S of Sr- In fact S = < j, rii — rij). More precisely, let 

ko = 0, and for i = 1, 2, . . . , r — 1, let ki be as above. If ni ~ nj, let [ij] £ Vl^(G, T) be the element 
m 

Y[ (fci-i + k kj-i + k). Then [ij] (ij) gives an isomorphism of WM^iSn to S. We generally denote 

k=l 

these elements by the more standard {ij). For 1 < i < r, we let Ci — JJ^ Cki_i+k- We call Ci a block 

sign change, and {Ci\i = 1, . . . , r) ~ Z2 is the sign change subgroup of Wm.- The action of on M 
is given by 

Also, from the action of Ci on the root datum of G (see [4]) we have Ct ■ (gi, . . . , gi, . . . , gr, h) = 
{gi, . . . . ■ . , gr, eg(det gi)h). If G is of type then Wm — S « C, where S is as above for 

type Bn, and C C Zj. If m = 0, then we have C = Ci x C2, where Ci — {Ci\ni is even), and 
C2 = {CiCjlrii, rij are odd). If m > 0, then C ~ Zj, and 

C ~ {Ci\ni is even) x (GiC„|ni is odd). 

We note that 5* and each Ci acts as in the case of type i?„, (and of course CiCj acts as the 
product in type Dn). In the case of m > and rii odd, we have GiC„ • (gi, . . . ,gi, . . . ,gr, h) = 
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{gi, . . . ,* ^, . . . , (7,., (det 5i)(c„ ■ h)), where c„ is given by the outer automorphism on the Dynkin 
diagram of Gm- 

2. R-GROUPS FOR GSpIN 

We continue with the notation of the previous section. Let M be a Levi subgroup of G = G„ 
and assume M is of the form (|l.ip . Let a e £2{M). Then ct ~ cti 172 • • • ® (7^ ® r, where o-j £ 
£2{GLn,{F)), and r e £2{G„i). For a e $(P, A), we set A„ = (A n kera)°, and M„ = Zg(A„). 
Then *Pq = P fl M^j = MNq, where = N n Mq is a maximal parabolic subgroup of Mq, with 
Levi component M. We let Wa = W^(Mc(,A). If Wa 7^ {!}, we let Wa be the unique nontrivial 
element of Wa ■ We recall the Plancherel measure, (cr) is determined by the standard intertwining 
operator attached to Ind*p" (cr), and in particular, Hai^) = if and only if Wa<T ~ a and Indf^" (cr) 
is irreducible. 

We note if a = aij , then 

(2.1) Ma ^ n ^-^"^ ^ GL„^+n, X G™, 

and 

if Hi ^ n^; 
{l,(ij)} if rij^rij. 

If a = /3ij , then 2± is again given by p.ip , and 




1 if n,; ^ nj-; 

{1, (ij)CiCj} lini^Uj. 



Finally, for a — ^i, we have 



M„ ~ [|Gi„, X G„,+™. 
If G is of type or m is even, then — {1, C^}. If G is of type D„, and is odd, then 



Wa 



CiCn if m > 0; 
1 if m = 0. 
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We note, for G of type i?„, 

(Ti (8) ■ • ■ i8) (Ti-i (Tj cTi+i • ■ • €3 CTj-i (g) 0-j (g) • ■ • ig) tJr r; 

W„(T ~ < (g, . . . ig) (g, (5-^. (g, 1^^) ^ (j.^^ . . . (g, (5-^ (g, g, o-^.^^ g) ■ • ■ g) (Tr (8) T; 

^ CTl g) • • • g) (Ti-i g) ((Ti g) ) (8) • • • (8> CTr g) r, 

if (T = oiij^Pij, or 7i, respectively. Here Wi- is the central character of r restricted to the identity 
component of the center of G„i. For type the result is as above, except in the case where a = 7i, 
rii is odd and m > 0, in which case 

WafJ ~ CTi (g • • • g) ((Tj g) UJt) g) • • • g) CTr (8) (c„ • t). 

Lemma 2.1. For l<i<j<r — liwe /lawe Ind.p (cr) is irreducible. Similarly Ind^p (cr) is 
irreducible. 

Proof. Let a = aij. In this case Ma is given by (I2.ip . Let Q^j be the standard GL„^ x GL„j -parabolic 
subgroup of GLm+rij- Then, 



Indf^°(a) ~ (g) a J ® (lndQj;"'+"^ a,)) 

and the result now follows from Olsanskii or Bernstein and Zelevinski[8l [24] . 
If a = /3ij, then we again have Ma is given by (|2.ip . and in this case 

Indf^°(cr) ~ (g) CTf (g (lndQ^"'+"^^'^\cri g) (ctj g) w^))) g) r. 

Thus, the result again follows from [51 [21]. □ 
From this we derive the following result. 

Corollary 2.2. If a = aij, then ~ if and only if Ui = Uj and at — (Jj- If a = f3ij, then 

fia (c) = if and only if m = Uj and ai ~ dj g) oJt . 

Lemma 2.3. Let a = <j\®(J2®'--®'^r®T G £2{M), and let R — R{a). Suppose w £ R and w — sc, 
with s Cz Sr and c G Zj. Then s = 1. 

Proof. This is a Keys argument as defined in [12^ and introduced in 19 . Since the sign changes 
act independently on the disjoint cycles of s, we may suppose, without loss of generality, that 
s — (12 • • ■ j). Furthermore, if G is of type then up to conjugation by sign changes we may 
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assume c = Cjc' , or c = c',with c' not changing signs among 1, 2, ... ,j. If G is of type £)„, then we 
may assume c is either of the same form, or of the form Cj-iCjc' , with c' changing no signs among 
1, 2, . . . ,j. If c changes no (block) signs among 1, 2, . . . , j, then we note that ai ^ a2 — ■ ■ ■ — crj. 
So, in particular aij S A' and w{aij) — —a\2 < 0, so w ^ R{a). If c = Cjc', then ci ~ (72 ~ 
• • ■ ~ (Tj-i ~ <Tj ~ ((Ti Wr) and thus /3ij £ A'. However, w/3ij — ~ai2 < 0, so w ^ R. Finally, if 
c = CiCjc', then wa ~ u implies cti ~ cr2 — • • • — fj-i — (o'j i^r), and therefore, again, Pij G A', 
with wfiij = —ai2 < 0, showing w ^ R. □ 

Corollary 2.4. i^or G = GSpin2n or GSpin2n+i, we have R C "Z^. 

We let W{cr) = {w e T^(G, AM)|wcr ~ a}. If G is of type S„, and W{a) / 1, then one of the 
following holds: 

(2.2) (Ti — Cji for some i 7^ j; 

(2.3) (Ti ~(Tj cj,- for some i 7^ j; an(i 

(2.4) (Ti ~d-i (g) w^. 

Note that ^ holds if (ij) G VF(cr), dSS]) holds if {ij)C,Cj G Ty(CT), while (EH) holds if C, G 
W{a). Also notice if w = (jj)C'i £ T^(o'), then tu^ = C^Cj G VF(cr), so this case is covered by (|2.4p . 
For w G VF(G,A), we let R{w) ^ {a <E $(P, A)|wct < 0}. 



Theorem 2.5. Let G = GSpin2n+i and M ~ GL^ x • • • x GL„,, x G„i, with m + >, — -^^i 



(T~(Ti®---®(Tr<8)TG £2(-^L)7 With each (Ti G £2{GLni (F)) and t G £2{Gm)- Let d be the number 0/ 
nonequivalent classes among {(Ti, . . . , cr,.} /or which IndQ"'^™ ((Ti ® r) is reducible. Then R{a) ~ Z2. 
More precisely, let 



For B C {l,2,...,r}, we let Gs = '^^ e R{a), then i?(Gi3) n A' = 0. Note that 




We let Qi be the standard GL„. x Gm parabolic subgroup of G„;+. 





r/ien i?((T) (G^) 



ien((T) ■ 
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Remark 2.6. By Bruhat Theory we know i/ Indg"*^™ (ci ® t) is reducible implies Ci G W{a), so 
Oi ~ (Ti O cj^. . 

Proof. From Corollary we know R C {C^)l^^ ~ Z^. Suppose B C {1, 2, . . . , r}, with Cb E R{a). 
Then Cs £ W{a), so <Ji c:^ cFi® ujr, for all i £ B. Thus, for each i £ B, we have G W{(j). Since 
i?(Ci) C i?(CB), and R{Cb) n A' = 0, we have R{C^) n A' = 0. So ^ e i?(cr). Therefore, for some 
subset, f2, of {1, 2, ... , r} we have R{<t) = {Ci\i G il). Now suppose Q G R{a). For each j > i, we 
have ttij G R{Ci), and thus ay ^ A'. By CoroUarv 12.21 this implies aj 9^ (Ti, for all j > i. Also, for 
each j > I, we have /Sy G R{Ci), so CTj '~k di ® uJt- However, since Ui ~ di ® uj-r, we see /3,j ^ A' 
imposes no further condition. Finally, since 7; G R{Ci), we must have 7^ ^ A'. We note 

and 

Indf^;^' a c^(^crj(E) IndQ"'+'" (ct^ (g) r). 

Since Ci G M^((t) fl , we have 7^ ^ A' if and only if Indg"'^" (cr t) is reducible. Thus, i G ri((T), 
so C n{a). Conversely, if i G i^{a), then C^ct ~ cr, and i?(Ci) n A' = 0, so C,; G fi. Thus = ri(cr), 
and i?((T) has the form we claim. □ 

Now suppose G is of type Let M ~ GLm x • ■ • x Gin,, x Gm- We may assume is even for 
i — 1,2, . . . ,t, and is odd for i = t + 1, . . . ,r. If m = 0, then 

|z;"i ift<r; 
I Z2 otherwise. 

If m > 0, then C ~ Z2, as described above. If rn = or c„t 9^ r, then the following describes the 
conditions under which W{(t) ^ {1} : 

(2.5) Gi c± (Tj for some i ^ j; 

(2.6) Gi ~ (Tj ® foi' some i 7^ j; 

(2.7) Gi Gi® (jJt for some i with even; 

(2.8) Gi cri Gi® Lo-r and dj ~ Gj ® uJt for some i ^ j with n^, rtj odd. 

We have holding if and only if (ij) C^W(g), holds if and only if {ij)C,Cj eW{G), while 
(|2.7p and (|2.8I) are the conditions for either Ci (for even) or CiCj to be in W{g). If to > and 
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c„r ~ r, then (j2.5p . (|2.6p . and (I2.7P are the conditions, with the restriction on parity removed from 

(1131). 

Theorem 2.7. Let G ~ Gspin2n, and M ~ GLn^ x • • ■ x GL„^ x G„i, with m + ^^"-i = ^ei 

i 

<J G £2(Af), wit/i each Gi G f2(Gi„,. (F)), anc? r G £2{Gm)- 
(i) If m = or c„t 9^ r, t/ien we let 

r2i((7) = {!<«< r\ni is even, Indg"' "((7; t) is reducible, and aj 9^ Ci /or a// i > j}, 
and 

^2(0') = ^ i l£ r\ni is odd, ai ~ cr^ cj^., and aj 9^ Ci, /or all j > i}. 

We set di — \Vli{a)\^ for i — 1,2. Then R{cr) ~ Zj^^'^^^^, unless d2 — 0, m which case 
R{cr) ~ . More precisely, 

R{a) = {C,\i G x G ^2{(t)) . 

(ii) If m > and c„t ~ r, liJe let 

^l"') = {1 ^ * ^ ^1 IndQ"'^™ (di T)is reducible, and aj 9^ (Ti for all j > i}. 

Let d — \Vl{a)\. Then R{a) ~ Z2, and in particular, 

R{cr) — {Ci\i G fl{a) and Hi is even) x (CiC„|« G and Ui is odd). 

Proof. We assume is even for i = 1,2, ... ,t, and Ui is odd for i = t + 1, . . . ,r. Suppose m ~ 0. 
Then Wm = S xC, where 

C = {Ci\l <i<t) X {C,Cj\t+l < i,j < r). 

By Corollary [2H R{a) C C. Suppose B C {l,2,...r}. Then we let Bi = B n {1,2, . . . ,t}, and 

B2^ B\Bi. Suppose Cs = J| C, G i?((T). Then (Ti c± (Ti ® Wr, for each i £ B. Thus, Ci G VF((t), 

ieB 

for each z G Si, and CiCj G VF((t), for each i, j G -B2. As in the case of type i?„, we have, for each 
i G B, R{Ci) C R{Cb), and thus Ci G i?((T), for each i G Bi, and QCj G i?((T) for each i,j G -B2. 
Thus, there is some f2 C {1, . . . , r}, for which 

Ria) = G Oi) X G ^2). 

For 1 < i < i, we have 

R{Ci) = {7i} U {aij,/3ij}j>i. 
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We have R(Ci) n A' = 0, so by Corollarv l2.2l (7j 9^ <Ji for all j > i, as in the case of type B„. Further 



note, since Ci £ W{a), we have ji € A' if and only if Ind.p^' a is irreducible. Since 



Indf^3; cr ~ I cr, j (g) IndQ"'^'" (ct, ® t), 



we see Ci G R{(j) implies Indg"'^™ (tii ® t) is reducible. Thus, i G Therefore, we have 

f2i C f2i(cr). However, the reverse inclusion is now obvious. 

Now suppose i, j >t+l, and CiCj G R{a). Then we have noted tXi ~ ai (S>uJr, and Cj ~ aj (gujr- 
Note further, 

R{CiCj) = {7i;7i} U {aife,/3ifc}fc>i U {a^f, /3-,-<;}i>j-. 

As above, this now implies cr^ 9^ cTfe, for k > i, and ctj 9^ cr^, for £ > j. Thus, we see i,j € fl2{o'), so 
^2 C ^^2(0"). For the opposite inclusion we note, Wm.^, = {1} ~ Wm.^, , and hence 7i,7j ^ A'. Thus, 
if i,j E ^^2(0'), then CiCj E R{a). Therefore, R{(j) has the form we claim. 

If TO > and c„T 9^ r, then the argument above is essentially valid with the following adjustments. 
We note Wm = S tK C, with 

(2.9) C={a\l<i<t)x{Qcn\i>t), 

and since c„r 9^ r, we have CiC„ ^ M^(o'), for i > t. Also, we note for i > t, Wm^. = {Ij^Cn}, so 
Wm^. n W{a) — {1}, and again we must have 7^ ^ A'. 

(ii) Now suppose m > and c„t ~ r. We still have Wm. = S k C, with C given by p.9p . For 
I = 1, 2, . . . , r, we let 



C, if i < i; 
CiC„ if z > i. 



If i? C {1, 2, . . . ,r}, and Cb = DiGB ^« ^ ^(o"), then ctj ~ o^i ® w,-, for each i E B. So Ci E W{a), 
for each i E B. Further, 

R{Cb) = U R{C,), 

SO Ci e R{<^) for each i e B. Thus, there is some 17 C {1, 2, . . . , r} such that i?(a) = (C; | i G fi) . 
Since 

R{C^) = {ay ,/3»jb>j U {7i}, 
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and, given Ci G we have a^j, Pij G A' if and only if ai ~ aj. Further, as above, 7^ G A' if and 

only if Ci G W{a), and Indg"'"'"" (cr r) is irreducible. Thus, 



We now consider the question of which tempered representations of G = GSpinn{F) are elliptic. 
We can adapt the arguments of 18 to our current situation. We let Ge be the set of regular elliptic 
elements of G. If tt is an irreducible representation of G, then we denote by 0^ its character. By 
Harish-Chandra [T5] we know Q-^ is given by a locally integrable function, also denoted Qt^, on the 
regular set. We let 6^ be the restriction of 0^ to Gg. Then tt G £t{G) is elliptic if 9^ ^ 0. 

We begin by showing the 2-cocyle arising from constructing self intertwining operators in C(ct) 
is a coboundary. Let G„ — GSpin2n or GSpin2n+i- Suppose M ~ GL„j X • • • X GL^i X is a 
proper Levi subgroup of G. Let cr ~ cti $5 (12 ® ••• ® cTr "X) t be an irreducible discrete series of M. 
Let V be the space of the representation a. For each w G R{<j), we choose an intertwining operator 
Tjj^ : V ^ V so that o wa — a oTyj. 

Lemma 3.1. We can choose the operators so that Tw-^W2 = Tw-^Tw2- 

Proof. For each i, we let Vi be the space of the representation ai. So V — Vii^ ■■■ Vr'^Vr- Denote by 
a* the representation on Vi given by a*{g) — ai{ By the work of Gelfand and Kazhdan [11] we 

know a* ~ ct^. Let B{a) = {i|cri ~ CTj (g) w,-}. For each i G ;B((t), we choose an intertwining operator 
Ti : Vi Vi, with Ti{a-* (^uJt-) — aiTi. We note Tf is a scalar on Vi, and so we can choose Ti so that 
Tf ~ 1. Extend this to an operator on V, by setting to be trivial on each factor, except for Vi, 
where it is T,. Now TY o G^ct = aTY , and (T;^)^ = Id . Also note, for i ^ j, we have TYT^ = T^TY- 
If G is of type and c„t ~ r, we choose intertwining r and c„t, again with = Id . Extend 
Tr to V by setting to be trivial on each Vi and to be Tt on Vt- Suppose B C ;B((t), and that 



O = {i| Indg"'^" (cTi ® t) is reducible, and aj 9^ ct.;, for all j > i} = f^(o'). 



as claimed. 



□ 



3. Elliptic Representations for GSpin groups 



w = G, 



B 



Then, we set 



T 



w 
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In the case where G is of type -D„ and c„t ~ r, we may have 



w 



Cb= {^c}j CneRia), 



in which case we set 



Vies / 

We then see that for Cb,Cb' G R{<^), we have 

B B' B/\B' 

where BAB' is the symmetric difference. Since CbCb' = CbaB', we have the result in this case. A 
similar argument shows, in the case where G = and c„r ~ t, that 

B' ^^BAB' ^CbCb' ^ 



and 



^Cb'^Cb] - ^Cbab' - '^CbCb' 



Thus, we have the claim. □ 

Since the cocycle 7y : R{(j) x i?(o') ^> C is determined by Tw^w^ = ri{wi,W2)Tw^Tw^ we have 77 is 
a coboundary, and immediately get the following result. 

Corollary 3.2. For any Levi subgroup M of Gn and any a G £2{M), we have C{a) ~ C[R{a)], so 
iG,M{cr) decomposes with multiplicity one. 

Now, let A = Ag be the split component of M, and let a = oe be its real Lie algebra. If ct G £2{M)^ 
and w G R{(j), then we let = {H G a\w ■ H = H}. We let Z be the split component of G and 
3 be its real Lie algebra. Now, by Theorem 1.1 of [18j, we know icAiio') has elliptic components if 
and only if there is a w G with a,„ = 3. Further, if 0/f(o-) = ^weR{a)'^un then each component 

of iG,A/(f ) is irreducibly induced from an elliptic tempered representation if there is some w G -R(ct) 
so that aji — a^. 

Theorem 3.3. Let G = GSpin2n+i, and suppose M ~ GLm and a G £2{M). 

Then Indp((T) has elliptic constituents if and only if R(a) ~ Zj. Any tt G £t{G), is either elliptic, or 
there is a choice o/M' and an irreducible elliptic tempered representation a of M' with tt — Indp, (cr). 
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Proof. We will use the explicit realization of R{a) we developed in Theorem 12.51 Suppose R ~ Zj. 
Let a = Um- Then we can identify a with {{xi,X2, ■ ■ ■ TXr,y)\xi,y) £ M}, and note, under this 
identificaton 3 = {(y/2, • • ■ , y/2, y)\y £ M}. C acts on a by 

Thus, if C = Cb, as above, then ac = {{xi, ■ ■ ■ ,Xr,y)\xi — y/2,\/i G B} Without loss of generality, 
we may assume R{cr) — (C^, C^-i, . . . , C^-d+i)- Let wq = Cr-d+iCr-d+2 ■ ■ ■ Cr- Note, for each 
w e -R(cr), we have C a^, and thus a^a-} = <^wo- Now, a^o = 3 if and only if wq — C1C2 ■ • • Cr, 
and thus, by [H [TS] Indp(cr) has elliptic constituents if and only if R{(t) ~ In this case, every 
component of Indp(CT) is elliptic. The last statement of the claim follows from the fact Opfg.) = Ou,,,, 
and Lemma 1.3 of [TQ. □ 

Theorem 3.4. Let G = GSpin2n, and M ~ GL^^ x • • • x GL„^ x G^- Let a = ai^---^ar'S>Te 
£2{M). 

(i) Suppose m — or CnT 9^ r. We let ni(a),fl2{<j),di,d2, and d be defined as in Theorem \2.7\ 
Then Indp((T) has elliptic components if and only if d — r and c?2 is even, in which case every 
component is elliptic. If n C Indp((T) is not elliptic, then tt ~ Indp/((T') for some elliptic 
representation a' of a Levi subgroup M' of G if and only if d2 is even or d2 ~ 1- 

(ii) Suppose m > and c„t ~ r. Let R{cr) ~ Zj. Then Indp((T) has elliptic components if and only 
if d — r, in which case all components are elliptic. Furthermore, for any n £ St (G) there is 
a Levi subgroup M' of G, and an irreducible elliptic tempered representation a' of M' so that 

TT ~ Indp,(CT')- 

Proof. (i) As in Theorem 12.71 we assume rii(cr) = {r — di + 1, r — di + 2, . . . ,r}, and ft2{cr) = 
{r-d+l,r-d + 2,...,r - di}. Then 

R{a) = {C,G,\t,j £ n2{<j)) X {C,\t £ n,{a)) . 

We note a = Oa/ can be identified with {{xi, . . . , Xr,y) \xi,y £W} , in such a way so Ci ■ 
{xi,. . . ,Xi-i,Xi,Xi+i, ...,Xr,y)^ (xi, . . .,Xi-i,y- Xi,Xi+i,. . ■,Xr,y). So, if d2 ^ 1, we have 

ai?(<T) = I (xi, ... ,a;r,y)|a;i = I for all r - ci + 1 < i < r| , 

while ii d2 — I, then 

Ofl(o-) = {{xi, . . .,Xr,y)\xi = ^ for ah r - di + 1 < i < rj . 
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If d2 is even then wq — Cr-d+iCr-d+2 ■ ■ ■ Gr G -^(0"), and o^^ = ajK^ay If d2 = 1, then, 
wq = Cr-di+iCr-d+2 ■ ■ ■ Cr G and again a^g = fli?,(cr)- Thus, in cither of these cases, we 

have each component must be irreducibly induced from an eUiptic tempered representation of 
some Levi subgroup [18]. On the other hand, if ^2 > 3 and d2 is odd, then, for any w G R{(j) we 
have afl(cr) G Uw, so components of these induced representations are not irreducibly induced 
from elhptic representations. Finally, since 3 is identified with {{y /2,y /2, . . . ,y /2,y)\y G M}, 
then we see Indp(o') has elliptic components if and only if C1C2 . . . G R{(j), which occurs if 
and only if = r and c?2 is even, 
(ii) Now suppose m > and c„r ~ t. We let Vl{a) be defined as in Theorem 12.71 We assume, 
without loss of generality, Vl{a) = {r — d + 1, . . . , r}. Then 

R{cr) = {Ci\r ~d+l<i<r and is even) x (CiC„|r ~d+l<i<r and Ui is odd). 

Let c?2 = {^k — d+l<i<r and rii is odd}, and 

Cr-d+lCr-d+2 ■ ■ - Cr if IS CVCU; 

Cr-d+lC'r-d+2 ■ ■ ■ CrCn if IS odd. 

With the identification of a = Om with M'"+^ as above, we have 

= {{^1 ■ ■ ■ ,Xr,y)\xi = y/2 for all r — d + 1 < i < r} . 

Note, for any w G R{<j) we have 0^,^ C Uw, so aR(cr) = 0^0 • Now, a^g = 3 if and only if = r. 
Thus, the elliptic spectrum is as claimed, and the tempered spectrum is irreducibly induced 
from the elliptic spectra of the Levi subgroups. 

□ 

Now we assume G — G„ = GSpin2n or GSpin2n+i- Denote R — R{a), and let R be the set of 
irreducible characters of R. We let k o tt^ be the correspondence between R and the (equivalence 
classes of) irreducible components of Indp((T) described by Keys [50] (see also Arthur [2] and Herb 
[T5]). Suppose Indp((T) has elliptic components, as described in Theorems 13.31 and 13.41 Then either 
C1C2 ... a G i? or C1C2 . . . CrCn G R. Let 



Wo 



Co 

For K E R we let e{K) — k{Co) 



C1C2 ■ ■ ■ CrCn, if G = GSpin2n, d2 is odd , and c„r ~ r; 
C1C2 . . . C„, otherwise. 
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Theorem 3.5. Suppose G = GSpin2n or GSpin2n+i- Let M ~ GL„^ x • • • x GL„^ x Gm be a Levi 
subgroup and suppose a — ai <^ . . . ar (Ei t € 52(M). Suppose Indp(cr) has elliptic components. Let 
keR. Then 9^^ = k{Co)Q^^^. 

Proof. First suppose G = GSpin2n+i, or c„t ~ r. For 1 < i < r, we let be the Levi subgroup 
of G of the form GL„, x G„_„,. Let = n N, and = MN^. We let Ri = Ri{a) be the 
i?-group attached to Indp^'((T). Since we are assuming Indp((T) has elliptic components, we know 
A' — 0. Thus, the compatibility condition in Section 2 of [2 is satisfied (see also [l8|). Thus, we 
can identify Ri with the subgroup of R generated by {Gj\l < j < r, j i}, or {Cj\l < j < r, j ^ i}, 
where d is define as in the proof of Theorem 12.71 We now combine these situations by letting 
R — {Di\l < i < r), where Di = Gi or C;, in the obvious way. Let r/ o be the correspondence 
between Ri and components of lndp'{a). If ry G Ri, we let R{ri) — {kg ^1^1^;; = ry}. Then 
L^iv) = {^^)'7 }i where ■q^{Dj) — ri{Dj), for i ^ j, and ri^{Di) — ±1. By Arthur [2] we have 
Indf J, I {pri) — njj+ © TTjj- . Moreover, since the character of this induced representation vanishes on 
Ge, we have 9^ _ = -9^ . 

For K G -R, we let s{k) = |{1 < i < r\K{Di) — — 1}|. Note, if s(k) — 0, then k — 1, and the claim is 
trivially true. Suppose s > and the claim holds for any k G i? with s(k) — s. Suppose s{k) = s + 1. 
Then we fix some 1 < z < r for which K{Di) = —1. Then consider Ali and Ri as above. Let jy — K|p. , 
and suppose is the corresponding component of Indp^' (a) . Then k = ry^ , so by our discussion 
above, we have 9!. = —Qt , . Moreover s(7y+) = s, so, by our hypothesis, 9^(7r„+) = 7y+(Go)9?. 
Now, et = -01 ^ -7y+(Go)9? = k(Go)9^. So the claim holds for all n with s(n) = s + 1, and 
by induction the claim holds for all k G -R. 

Now consider the case where G = GSpin2n and c„t 9^ r. The proof is essentially the same as 
above, but we give some details for completeness. Letr2i(cr), VL2{cr), di, d2, d be as in Theorem l2.7r i). 
Iid2 =0, then the proof is identical to the one above, so we assume ^2 > is even. From Theoreni l3.4[ 
we know d = r. Then, we again see A' — 0, so we easily apply the results of Arthur 2_ and Herb 
[T5] . Without loss of generality, we assume ^i{a) — {1, . . . , di}, and il2(f) = {rfi + 1, . . . , r}. Then, 
R ~ ^2^^, with generators Di, . . . , Dr-i, where Di = Gi, for 1 < i < di, and Di = GiGr for 
di + l<i<r — 1. For each 1 < i < r — 1, we let and Ri be defined as in the previous cases. We 
again let 7y o p,, be the correspondence between Ri and the components of Ind^^'^, (cr). Then, we 

again have R{ri) — {7y+,7y^}, and so 9^ _ = —9^ . Let k e R and let s{k) = \{Di\K{Di) = — 1}|. 

77 77+ 

Then s(l) — 0, so the claim holds for the case with s{k) ~ 0. If we assume the result when s{k) — s. 



i?.-GROUPS, ELLIPTIC REPRESENTATIONS, AND PARAMETERS FOR GSpin GROUPS 



17 



then the same argument as above shows it holds when s{k) = s + I, and so the claim holds by 
induction. □ 



4. Parameters and i?-GROUPS for GSpin groups 

In this section we discuss the computation of Arthur's i?-group associated to a parameter tp : 
Wg ^G, in the case when G = GSpinm{F). We begin with a lemma which applies to split 
reductive groups in general. 

Lemma 4.1. Suppose R^^tt — i?(7r), whenever ip : W'p — > ^ ^H, with L a maximal proper 
Levi subgroup of a quasi-split connected group H, and ijj is an elliptic parameter for the L-packet 
n^(L), containing the square integrable representation tt. Let M be an arbitrary Levi subgroup of 
G, and (f : W'p an elliptic parameter for an L-packet n^(Af) containing a square integrable 

representation a. Then Rip,^ ~ R{a). 

Proof. The proof of this relies on the following result. 

Lemma 4.2. Suppose M C L are Levi subgroups of G. Suppose ip : Wp ^Af is a parameter. Let 
S^ = Z^{ip) and Sl,^ = Zi{ip). Then Sl_^ ^ S^DL. 

Since S^p is reductive and Sl.^p is a reductive (Levi subgroup (e.g., by [7] Lemma 2.1) this is a 
standard result. □ 

Now we have W{G,A-m) ~ W{G, Aj^j), with the isomorphism given by Sq Sa- We let be 
the Levi subgroup of G generated by M and a. Let Ra{(y) be the i?-group attached to iMQ,M(f). 
Considering : W'p ^ ^M^, we let S^^a = Zj^jjip) = 8^(1 Ma- By Lemma 5'°^^ = 

We know from Lemma 2.2 of [7^ that (A^^ f\ S^p)° is a maximal torus of 5*°, so we may take 
= {Aj^j n 5*^)°. Then Zlg{T^) ([71, Lemma 2.1). Since T^ C M C Af„, it follows 

Ty:, C Sp,a, so Tp is a maximal torus in S^^^. 

Let W^,c. = Ns^jT^)/Zs^jTp), and W°^^ = NsojTp)/ZsojT^). Lemma 2.2 of [7] tells 
us that Wp (respectively, W^^a) can be identified with the subgroup of W{G,Aj^-:j) (respectively, 
W{Ma, Aj^j)) consisting of the elements that can be represented by elements of S^p (respectively, 
S^p^a)- Under these identifications, we have W^^^r H = W^^aM- 

Now let R^M,a = W^^a,a/W°^^,y. Thc hypothesis implies Ra{<y) ~ Rp,a,a- Let a £ A'. Then 
^iaia■) = 0. Thus, Sa e W{a), and Rai<j) = 1- Note G W{Mc„Am) ^ W{Ma,Aj^^), so Sa £ 
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W(^,CT n Ma = W^^a,<j- Since R^,a,a — Ra{<^) = 1, we have Sa G W° as claimed. Conversely, 
assume e W°^^. As € W^p^a, we have e T4^((t). Again, considering M.^, we have R^,a,a = 1, 
so Raic) = 1, which implies G W^'- Therefore, a € A', as claimed. 

□ 

We now return to the setting where G = GSpiUm- Then G = G502n(C), if m = 2n, and 
G = GSp2n{'C), if m = 2n + 1. Since G is split, we have ^G = G x Wp- We consider a parameter 
: Wp — ^ ^G. Let us describe matrix realizations of GS02n{'C) and G5'p2n(C). Let 



1, if G = G502„(C), 
-1, if G = G5p2„(C), 



V 



J2 



Wn 
yfXWn 



and 



g = {g€ GL2„(C)| *gJ2ng = Hg)J2n, for some X{g) e C^}. 

If /X = —1, then Q is a connected algebraic group denoted by GSp2n{^)- If /i = 1, then Q = G02n(C) 
has two connected components. In this case, we can define the similitude norm 

: G02„(C) ^ {±1}, g ^ A(ff)-" det(5). 

The kernel of this map, denoted by G5'02n(C), is the connected component of G02„(C). 

We let M be the Siegel parabolic subgroup of G, so M ~ GL„(C) x GLi(C). More precisely, for 
g e GL„(C) we let £(5) = w„ *5~^u;~^ Then 



M = 




g€GLn{C),X€GLi{C)} . 



Let Aj^ he the split component of M, so M = {diag{a7„, Aa ^7„}} . If G = GS02n, and n is 
odd, then = {1}. Otherwise, = W{G,Aj^) = {l,w}, where w : {g,X) i-> {Xi{g),X), and is 

represented by ( 

\In 

Thus, we know M ~ GL„ x GLi, Am — GLi x GLi, and 



1^(G,Am) 



{1} if G = GSpin2n and n is odd; 
otherwise, 

where w : {g, X) 1— t- {Xs{g), A), and e is the dual involution given by e. 
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Now let (7 be an irreducible unitary supercuspidal representation of M, so cr ~ tJo ® "0, with (Tq 
an irreducible unitary supercuspidal representation of GLn{F) and ^ a unitary character of 
So, if if : Wp M is the corresponding Langlands parameter, then ip ^ (po x ijj, where ipo is the 
Langlands parameter of (Tq and tp is the character of associated to tp by local class field theory. 
Since ctq is irreducible and supercuspidal, we know ipo is irreducible. We abuse notation to write 



ip{w) 



ipo{w) 

^p{w)e{^pQ{'w)) ^ 

4.1. Reducibility and poles of L-functions. Let n denote the Lie algebra of the unipotent radical 
of M. Let pn denote the standard representation of Gi„(C). The adjoint action r of M on n is 
given as follows: 

A^Pn^Pl\ ifG = G502„(C), 

^ Sym^ p„ ® pr \ HG = GSp2niC). 

More precisely, let V = {X e fll2„(C) | *X = -pX}. Then (5, A) G M acts on X e F by 
ig,X)-X = X-^gX'g. 

Suppose L{s, A^Lpo(E)ip~^) has a pole at s = 0. Then A^i^o®V-'^^ contains the trivial representation, 
so there exists a nonzero X G M„(C) such that *X — ~X and (A^^jq ^^i 'ip^^){w) ■ X ~ X, for all 
w G Wp- We have 

(4.1) iP{w)-^ipo{w)X*ipo{w) ^ X, yweWp. 

It follows that X is a nonzero intertwining operator between and ipo. Since ipo is 

irreducible, X is invertible. Observe that this can happen only if n is even (every antisymmetric odd 
dimensional matrix is singular). In addition, it follows from (|4.ip that ipo factors through GSpn{C). 

Similarly, if we assume that i(s, Sym^ 959 ® V"^^) has a pole at s = 0, we obtain that ^^Pq^ — 
ip~^ (g) (po and (fio factors through GO„(C). 

On the other hand, if VcT^ — "0^^ y^o, then (|4.ip holds for some X G G-L„(C). By standard 
arguments, X is symmetric or antisymmetric. It follows that one of the i-functions L{s, /\'^ipo®'ip~^) 
or L(s, Sym^ (pQ ® V-'~^) has a pole at s = 0. 

We summarize the above considerations in the following lemma: 

Lemma 4.3. Let ipo : Wp GL„(C) and ip : Wp — > GLi(C) he irreducible L -parameters. If 
(po — tjj^^ ® (po, then precisely one of the L-functions L(s, A^cpo ® ip~^) or L{s, Sym^ ipo <S> V-'""'") f'-^s 
a pole at s — 0. 
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(1) If n is odd, then L{s,A'^ipo ® tp ^) is always holomorphic at s — and ipo factors through 
GO„(C). 

(2) If n is even, then L(s,A^(^o ® ip'^) has a pole at s ~ if and only if (po factors through 
G5p„(C). 

Proposition 4.4. Let G GSpin2n, G' ~ GSpin2n+i, o,nd consider the Siegel Levi subgroup 
M ~ GLnXGLi. Let a ~ UQ^ip he an irreducible unitary supercuspidal representation of M — M(i^) 
with corresponding Langlands parameter (p — ipQ x tp. Assume ipo ~ (Sxpo- Let ir = Ind^^((T) and 
tt' = Ind^^ (fj) . 

(1) If n is odd, then tt and tt' are both irreducible and ip^ factors through GOn(fC). 

(2) If n is even, then tt is irreducible if and only if -k' is reducible. Moreover, tt is irreducible if 
and only if fa factors through GSpn(C). 

Proof. (1) is clear. For (2), assume n is even and consider G = GSpin2n ■ Then tt — Ind^/(CT) is 
irreducible if and only if L(s, ctq ® ip, A^pn ® Pi^) has a pole at s = [551 [3D]. We know from [TT], 
Theorem 1.4 that 

L{s, CTo ® -0, ® Pi^) = L{s, aVo ip''^). 
The statement follows from Lemma 14.31 Similar arguments work for G' = GSpin2n+i- D 

4.2. Centralizers for the Siegel Parabolic. We wish to compute — Z^ilmip). First, we will 
compute ZgiluYLp), where Q — GSp2n{^) or G02n(C). Suppose X Q centralizes ip, and write 

(a b\ 

X ^ \ , with A, B,G,D e Af„(C). Computing directly we have, for all w G Wp, 

\G D) 

'a B\lipo{w) \ /(^oH 

C Dj\ V^He^oH)/ \ ^{w)i{po{w))] \G 

which gives 

Aip()(w) = (pio{w)A, De{po{w)) = i{(po{w))D, Bip{w)e{ipo{w)) = (po{w)B, 

and Gipo{w) — 'ip{w)e{ipo{w))G. The irreducibility of ipo tells us A and D are scalars (denoted anln 
and a22ln, respectively) and also shows G = B = 0, unless ipo ~ {ioipQ)(x)^l;. Thus, if (Tq 9^ (7o(S>ipodet, 

then .^5(1^) = I " 1 I ^ — X C^, and clearly, Z(j{ip) = Zg{ip). So, suppose 
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(To c^L do^if) o det . Fix an equivalence, B between these two representations, i.e., take B so that 
B~^ipo{w)B = ■il){'w)i{ipo{w)). By Schur's Lemma, B is unique up to scalar. We note 

{Bi{B))-^Mw){Bi{B)) = i{B)-\i,{w)i{<po){w))i{B) = i{B-^Mw)B)i>{w) = ^oH, 

and thus Be{B) = cin, for some c G . We write this as Bwn = cWn *B. Note that if J = Bwn, 
then we have * J = c~^J, so c = ±1, and J is a symmetric or symplectic form fixed by (fio up to the 
multiplier ip. 

(aii/„ 012^ \ 
, and since X G Q, we have 
a21-B"^ a22ln I 



X 



or. 



aiia2i{l + iJ.cjWnB ^ (aiia22 + a2iai2/uc)wn 
(aiia22 + ai2a2ilic)iiWn 012022(1 + Mc) *-Bw„ 



ail 012 \ / / 1 1 

We see this is equivalent to the 2x2 complex matrix = | I satisfying I \ Y 

,a2i 022/ l/uc 



A 



. Thus X h-^ F is an isomorphism. 



(4.2) 



G5p2 (C) ~ GL2 (C) if c = - 1 ; 
GOi,i(C) ifMC=l. 



This is equal to if G = GSp2n{Q- 

I aii/„ ai2-B , 

Now, let G = GS02n{C), so /z = 1. Let X = | G ^^(y). We have to determine 

^021^-^ a22/n 

whether X £ G. Assume first c = — 1. Then 



(aiia22 - ai2a2i)w„ 



Xwn 



(aiia22 - ai2a2i)wn 



, Xw„ 
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so A = aiia22— 012021- We use the formula det I = detAdet(D — CA ^S), if A is invertible. 

[c d) 

Therefore, if an ^0, we have 

detX = a"i det(a22/n - a2iai-^ai2B~^ B) = det(aiia22 - ai2a2i)^n = A". 
The simihtude norm = A"" detX = 1, so X G GS02„{C). If an = 0, then 

detX = det =(-l)"det = A", 

\a2iB-^ a22lnj \ ar2B) 

and again X e G5'02ri(C). 
Assume c = 1. Then we have 

2aiia2i'WnB~'^ (a2iai2 + 0110122)^71 \ I Aw„ 
^ (011022 + ai2a2i)w„ 2ai2a22* Bwn J \Xwn 

It follows ai2 = 021 = or an = 022 = 0. If ai2 = 021 — 0, then 022 = ^a^i and X 

_^ I . The similitude norm u{X) = A-"det(X) = 1, so X e GS02n{Q- If on = 

AO]^]^ In 



O12-B 

022 = 0, then X = \ \ and 

, Xa^iB-'^ 



iy{X) = A-"det(X) = (-1)"A-"A" = (-1)". 
It follows that X G GS02n{,C) if n is even and X ^ GS02„iC) if n is odd. Therefore, 



G5p2(C) ~ GL2(C) ifc = -l; 
GOi,i(C) ifc = l,neven; 

ifc=l,nodd. 



4.3. The Arthur i?-group. Now we can compute i?^, the Arthur i?-group of ^p. We summarize 
the above computation as follows. 

Theorem 4.5. Let G = GSpin2n+i or GSpin2n onrf consider the Siegel Levi subgroup M ~ Gi„ x 
GLi. Let cr ~ (70 V be an irreducible unitary supercuspidal representation of M = M(F) with 
corresponding Langlands parameter ip = ipQ^xj). 

(1) If (fio ^ (fo'^i^, then R^^cr = R^ = l. 
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(2) Assume (^o — t^o ® V'- G = GSpin2n+i, then 

1) '/'o factors through G'0„(C); 

^2 1 j/ '/'o factors through GSpn{C). 



Rip ,(7 Rip 



If G = GSpin2n, then 

*/ '/'o factors through GSpn(C); 



Rip — Rip ^ 



^2 7 */ <y3o factors through GO„(C) and n is ewen, 
1, */ <Po factors through GO„(C) and n is odd. 



Corollary 4.6. For G = GSpin2n+i or GSpin2n, and M ~ GL„ x GLi, we have R{<y) — Rip,a, as 
conjectured by Arthur. 

Proof. This follows from the theorem and Proposition 14.41 □ 

4.4. Centralizers (The General Case). Let ^ be a finite dimensional complex vector space. Let 
be a non-degenerate bilinear form on V and 

Gb = {g e GL.a{V) I B{gu,gv) = X{g)B{u,v), for some A(g) e C", Vu,w £ V}. 

Lemma 4.7. Let ip : W'p GLn{V) be an irreducible parameter and let B be a non-degenerate 
bilinear form on V . Then ip factors through Qb if and only if if ^ x® > where x = ^ ° V- V V 
factors through Gb, then B is unique up to a scalar multiple. 

Proof. Suppose that ip factors through Gb- Let A be the matrix corresponding to i?, B{u, v) — *uAv. 
Then for ah w G Wp, *ip{w)Aip{w) = X{ip{w))A. It follows 

(4.3) ip{w) = xiw)A*ip{w)-'^A-\ yweW'p, 

where x — ^ ° Hence, ip ^ x'^ *'f~^ ■ If R' is another non-degenerate bilinear form on V such 
that Lp factors through Gb' , and if A' is the corresponding matrix, we have 

(4.4) (p{w) =x{w)A"(p{w)-\A')-\ VweW'p. 

By transposing and taking inverses, equation (14. 3p gives us *Lp{w)^^ = x{w)^^ A^^ip{w)A. We sub- 
stitute this in equation (j4.4l) and we obtain 

ip{w) = A'A-^ip{w)A{A')-\ Vw e W'p. 

Since is irreducible, it follows A'A^^ ~ cl and A' — cA. 
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Next, suppose if c:i x® ^ for a character x- Let A be a matrix such that 

ip[w) = x{w)A*' Lp{wy^ A~'^ , 

for all w € W'p. Standard arguments show that A^A~^ = cl and c = ±1. It follows that B{u,v) = 
^uAv is a non-degenerate bilinear form such that f factors through Qb- D 

Lemma 4.8. Let ip : W'p — >■ Qb be a parameter. Suppose ip = (po ■ ■ ■ (S ^po, where tpo is an 

m — surnrnands 

irreducible parameter such that ipo factors through Qbq for some non- degenerate bilinear form Bq. 
Then 

GO{m,<C), if B and Bq are both symmetric or both symplectic, 
GSp{m,C), otherwise. 



Proof. Let Vq denote the space of the representation ipo. Then V ~ VFigiVo, where W — Homy^^ {Vo,V) 
with trivial M^^-action. The map W ^Vq ^ V is given by 

(4.5) /®«^/(«), f€W,v€Vo. 

For f,g £ W, we define a bilinear form Bf^g on Vq by Bf^g{u,v) ~ B{f{u),g{v)). Then 

Bf,g{ip^){w)u,LpQ{w)v) = B{f{(po{w)u),g{ipQ{w)v)) 
= B{f{w)f{u),if{w)g{v)) 
= \o ip{w)Bf^g{u,v). 

It follows from Lemma [4.71 that Bf^g is a scalar multiple of Bq; denote that scalar by {f,g). The 
map (/, g) H> (/, g) defines a bilinear form ( , ) on W. The form ( , ) is symmetric if B and Bq are 
both symmetric or both symplectic, and symplectic otherwise. Moreover, if we identify €5 Vq and 
V using equation (|4.5p . we have 

B{f®u,g®v) = B{f{u),g{v)) = Bf^g{u,v) = {f, g)Bo{u,v), 

for all f,geW,u,ve Vq. 

Now, Imip ~ {Iw (8) g I g G Imipo} and 

ZGL(v)(Im^) ^{g(^z\g€ GL{W),z = clv„,c £ } = {5 ® /yj g £ GL{W)}. 

The element g (E> Ivo belongs to Qb if for some A G , 

B{{g ® Ivo)if (ii u), {g Ivo)ih <S> v)) = XB{f ®u,h®v), Vf,he W,\fu,v e Vq, 
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that is, 

{gf,gh)^X{f,h), \ff,heW. 

It follows Zgg{lmip) ^Q(^y □ 

4.5. Reducibility for generic representations. Let G = GSpinm{F) and let P ~ MN be a 

maximal Levi subgroup. Then M c± GLk{F) x GSpine{F), where 2k + i — m. In the case ^ = or 
1, P is the Siegel parabolic subgroup and that case was considered earlier. We assume I > 2. Let 
■K — a (i) T he a.n irreducible unitary generic supercuspidal representation of M . Let a € A be the 
unique reduced root of in N and set a — (p, a)~^a, where p is half the sum of positive roots in N. 
We have a/i Assume cr ~ eg) w,- . According to 2£\ , exactly one of the following 

representations is reducible: Indp(cr ® r), Indp(j/^/^o' (g) r), or Indp(i^o' O t). 

Lemma 4.9. Let G = GSpin,n{F) and M ~ GLk{F) x GSpine{F), where 2k + i^m, e>2. Let 
IT = a®T be an irreducible unitary generic supercuspidal representation of M. Assume a c^i a ® uj-t ■ 
Let ipo denote the Langlands parameter of a. 

(1) Suppose G = GSpin2n+i{F). Iflndp reduces, then (po factors through GOk{C). 
Otherwise, tpo factors through GSpk{C-). 

(2) Suppose G = GSpin2n{F). Lf l-ad${v^/'^a ® t) reduces, then ipo factors through GSpk{C). 
Otherwise, (po factors through GOk{C). 

Proof. Let n denote the Lie algebra of the unipotent radical of AI. Denote the standard represen- 
tations of the groups GLk{C), GSp2i{'C) and GS02i{'C) by pfc, R\g and R^n respectively. Let ^ be 
the similitude character of GSp2i{'C) or GS02e{C). The adjoint action r of M on fi is described in 
Proposition 5.6 of [4 . In particular, we have 

(a) If G = GSpin2n+i{F), then r = ri © r2, where 

ri=Pk®R}^i, r2 = Sym^ pfe (g) 

(b) If G = GSpin2n{F), then r = ri (B r2, where 

ri=pk®R'j, r2=A^pfe®^"^ 

Let Ptt,! and P7r,2 be the polynomials defined in ^2E^. The Langlands-Shahidi L- function attached 
to TT and ri is defined as 

L{s,Tr,r,) = P^^^{q-'y^. 
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Assume G — GSpin2n{F). Theorem 8.1 of [53] tells us that Indp(i/^/^cr (8) r) is reducible if and only 
if -P7r,2(l) = 0. Equivalently, L{s, tt, r2) has a pole at s = 0. In order to complete the proof, we need 
the following result. 

Lemma 4.10. Let G ~ GSpin^ and M ~ Gi^ x GSpinf . Let tt = cr®T be an irreducible admissible 
generic representation of M. Let ip — ((pQ,ip^) be the Langlands parameter attached to tt. 

a) Lf m — 2n is even, then 

L{s, TT, r2) = L{s, a®T, A^pk ® 

(4.6) 

= L{s, aiSiip, t^pk ® p/) = i(s, ® i> 

b) Lf m — 2n + 1 is odd, then 

L{s,TT,r2) = L{s, a iS> T, Sym^ pk ® fi^^) 

(4.7) 

= L(s,cr® VjSym ® ^) = L(s, Sym (po(S)ip 



Proof. We continue with the notation of the proof of Lemma 14.91 Suppose m — 2n. Then ipr '■ 
Wf GS02i{C). First, we prove ()4.6p holds for any unramified generic tt. By Prop. 2.3(a) of [5] 
we know Z{GSp2i{F))° = {eo(A)|A £ F^}. So, the central character of r is given by 

Wr(A)Idw = T(eo(A)). 

Let ip : Wf — > be the character attached to ujr by Class Field Theory. In particular, LUr{vJF) = 
iP{Ftf), where Ftf is the Frobenius class of F. Let T be the maximal torus of GS02m{'C). Then 
p,{t) = el{t), (by [5] pg. 149). Now, we have 

L(s, TT, r2) = L{s, cr (g) T, A^fc ^ P^^) ^ L{s, pk ® p~'^{^po,tfr))- 

Note, for w G Wf, we have /\^pk ® p~^{'.Po,'Pt){w) — A'^{ipo{w))p^^{ipr{w)). Now 

p-^M'P^F)) - {eliM'P^FW^ = T{el{wF))-^ = u:r{ujFr\ 

So 

L(s, TT, r2) = i(s, A^pkipo <X) ■f/'"^) = L(s, cr (g) Ur, A'^Pk g) Pr^)- 
If Sn denotes the n-dimensional complex representation of SL{2, C), then Im(S'„) is orthogonal or 
symplectic. Therefore, p{if®Sn) = m(<p)- We conclude that equation (|4.6p holds if tt has an Iwahori 
fixed vector. In addition, for ip unramified, the Artin e-factor associated to p{i.p® Sn) is equal to 1. 

Now, we apply Theorem 3.5 of |26| to -k = a®T and independently we apply the same theorem to 
a®ujr. The theorem guarantees existence of the 7-factors 72(s,(7(g)T, '0i?,w) and ^i{s,a®uJr,i)F,w), 
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with the subscripts determined by the ordering of the components of the adjoint representations of 
the L-groups of the Levi subgroups in two distinct situations. Moreover, conditions 1, 3, and 4 from 
the theorem determine these 7-factors uniquely. These conditions are satisfied by 72(5, ctiXit, ■0^?, w) 
and independently by ji^s, a (E) uJtjiPftw). In the inductive property 3 for 71(5, cr (g) cj,-, -0^?, w), only 
a can be induced from a smaller parabolic subgroup, not LOr- Therefore, if we look at the inductive 
property for 71 (s, cr^Wr, i/jftw), the same conditions are satisfied for 72(5, cnSJr, ipF,w). Even though 
we can have additional conditions for 72(3, cr t, Tpp, w), the conditions for 7i(s, a uJr, ipp, w) are 
enough to guarantee uniqueness. Since we have equality of 7-factors for representations with Iwahori 
fixed vectors, we conclude that 72(5, (T(8)t, ipp, w) = 7i(s, cr(E)ujT, "tpF, w). The definition of L-functions 
from 26 then implies (|4.6|) . 

The proof of the case G = GSpin2n+i is similar. □ 

We return to the proof of Lemma 14.91 It follows from Lemma 14.31 and Lemma 14.101 that 
Indp(j'^/^(7 ® r) is reducible if and only if ipQ factors through GSpkiC). Finally, we remark the 
claim will follow in general from the generic L-packet conjecture of Shahidi |26) . 

The proof for G — GSpin2n+i{F) is similar. □ 

Let G = GSpin2i+i{F) and let r be a generic discrete series representation of G. As in [53], let 
Jord(r) denote the set of pairs (p, a), where p G ^£{GL{dp, F)) and a e Z+ such that 5{p^ a) x: r is 
irreducible and there exists an integer a' of the same parity as a such that d{p,a') xi r is reducible. 
Here S >3 t — Indg^^J^^^^^(^^^^((5 t). The i-parameter of r is given by 

Vt ^ ^ Vp'^ Sa, 

(p,a)6 Jord(r) 

where (pp is the L-parameter of p. 

Theorem 4.11. Let G = GSpin2n+i cind consider the Levi subgroup M ~ GLk{F) xGSpin2e+i{F) . 
Let t: — a ®T he a generic discrete series representation of M . Let ip be the L-parameter ofn. Then 
i?^_7r - -R(7r). 

Proof. The parameter if can be written as ip :^ ip^ (B {i{(pa) ® V'): where tp is the character 

corresponding to the central character of r, (restricted to the connected component of the center) 
by Class Field Theory. The representation cr is of the form cr ~ d{p,a), where p G ^£{GL{d,F)) 
and a G Z+, da = k. Then Lp„ — Lpp ® Sa- 

If (T 9^ (t®clIt-, it is easy to show Rip_T^ = 1 and R{'k) — 1. Assume a ~ d®ijJr- Then e{(p„)®il} ~ Lpc, 

so ip ~ (fa ® (fr ® iPa- 
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If (p, a) G Jord(T), then the muhiphcity of ipa- in ip ip^ (B ® is three. Lemma 14.81 imphes 
= 1. On the other hand, since (p, a) G Jord(T), we have ct x r is hreducible, so i?(7r) = 1. 

Now, consider the case a a ® uJt and {p,a) ^ Jord(r). There exist a supercuspidal generic 
representation Tcusp of GSpin2m+i{F) and an irreducible generic representation 9 of GLr{F) such 
that T is a subrepresentation of 

9 X Tcusp — iGSpin2i+i{F),GLr{F)xGSpm2^+i{F){(^ €5 Tcusp)- 

We apply the Langlands classification for GLr{F) in the subrepresentation setting. It follows that 
there exist S{pi, ai), S{p2, 02), . . . , 5{ps, a^) and real numbers bi < b2 < ■ ■ ■ < bs such that 9 is the 
unique subrepresentation of the induced representation 

i'''^S{pi,ai) X i''"'S{p2,a2) X • • ■ X i'''-S{ps,as). 

For i £ {!,..., s}, define [i] = {j G {!,..., s} | pi ~ pj}. The Casselman square integrability 
criterion for r implies that for i = 1, . . . , s, there exists j G [i] such that the representation 

ly '6{pj,aj) X 

Tcusp 

is reducible, and 6,; — fej G Z. This implies bj G ^Z and therefore bi G -^Z. 

Assume first cr x t is reducible. Then R{n) ~ Z2. It can be shown, taking into account the 
structure of 9, that reducibility of cr x r implies reducibility of cr x Tcusp- Then there exists fe > 0, 
b G {-^, + 1, . . . , ^} such that i'''p X Tcusp is reducible. Since Tcusp is supercuspidal 
and generic, we have b — 0,1/2 or 1. li b = 1/2, then a is even. In addition. Lemma [4.91 implies 
that (fp factors through GOd(C). Then ipa ~ fp ® Sa factors through GSpk{C). Now Lemma l4!8l 
tells us that S^p 2± GO{2, C). It follows i?^ = Rp.Tr — Z2. If = or 1, then a is odd. In addition. 
Lemma l479l implies that ipp factors through GSpdiC). Then ipcr = fp®Sa factors through GSpkiC). 
As before, we obtain R^p^^ ~ Z2. 

It remains to consider the case when ct x r is irreducible, cr ~ a ® and {p,a) ^ Jord(T). 
Irreducibility of cr x r implies R{tt) — 1. Let b G {0, 1/2, 1} such that h'^p x Tcusp is reducible. Since 
{p, a) ^ Jord(T), a and 2& + 1 arc not of the same parity. Therefore, if 6 = 1/2, then a is odd. Then 
ipp factors through GOd{C) and (fia — ^fip ® Sa factors through G'Ofe(C). It follows R^p = Rtp^T^ = 1. 
Similarly, if 6 = or 1, then a is even, Lpp factors through GSpdiC) and ipa- = tfp®Sa factors through 
GOa;(C), implying i?^ = i?^^7r = 1- □ 

Theorem 4.12. Let G — GSpin2n+i o,nd P — MN be an arbitrary parabolic subgroup of G. 
Suppose TT is a discrete series representation of M and (p = (p^^ : Wp — > ^ M is the corresponding 
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Langlands parameter for the L-packet IlM{f) containing tt. Let R(tt) be the Knapp-Stein R-group 
of TT and Rip,Tx the Arthur R-group attached to and tt. Then R{tt) ~ R^p^-m and this isomorphism 
is realized by the map a a between roots and coroots. 

Proof. By Lemma 14.11 it is enough to prove this isomorphism in the case P is maximaL This, 
however, is exactly the content of CoroUarv 14.61 and Theorem 14. Ill □ 
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